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1 Introduction 

Part A 

In [Yl], [Y2], [Y3] and [Y4], logarithmic Sobolev inequalties along the Rice flow 
were obtained. As a consequence, W^'^ Sobolev inequalities with p = 2 along the Ricci 
flow were derived. Let M be a closed manifold of dimension n > 2. Let g = g{t) he a. 
smooth solution of the Ricci flow on M x [0, T) for some (flnite or inflnite) T > 0. In 
the case Ao(5'o) > 0, where Ao(5'o) denotes the flrst eigenvalue of the operator —A + -| 
of the initial metric go = g{0), the Sobolev inequality takes the following form (in the 
case n> 3) 

n-2 

M \u\^dvolj < A j^ {\Vu\^ + jU^)dvol, (1.1) 

where the constant A depends on the initial metric in terms of rudimentary geometric 
data. If the condition Ao(5'o) > is not assumed, then the Sobolev inequality takes 
the form (again in the case n > 3) 

n-2 

(I \u\^^dvol\ " <a[ {\Vu\^ + -u^)dvol + B [ u^dvol, (1.2) 
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where the constants A and B depend on a finite upper bound for T and the initial 
metric in terms of rudimentary geometric data. 

As is well-known, the case p = 2 of the W'^''^{M) Sobolev inequalities is the most 
important for applications to analysis and geometry. However, it is of high interest 
to understand the situation 1 < p <2 and 2 < p < n, both from the point of view of 
a deeper understanding of the theory and the point of view of further applications. 
In this paper, we derive W^'^ and W'^'^ Sobolev inequalities for general p along the 
Ricci flow in several different ways. We'll take a general point of view, and study the 
general problem of deriving further Sobolev inequalities from a given Sobolev inequal- 
ity. In particular, we'll include noncompact manifolds and manifolds with boundary, 
which require additional care. Our first result is the following one. 

Theorem Al Let (M, g) be a Riemannian manifold of dimension n > 2, with or 
without boundary. (It is not assumed to be compact or complete.) Assume for some 
1 < Po < 



<A \Vu\P°dvol+ ^ \u\P°dvol. (1.3) 

Jm volg{M) n Jm 

Then we have for all po < p < n 

n — p 

,u\^dvol] <Ci [ \Vu\Pdvol+ [ \u\Pdvol, (1.4) 

M J Jm volg{M)n Jm 

where the constants C\ — Ci{n,po,p, A, B) and C2 — C2{n,po,p, A, B) depend only 
on n,po,p, A and B. Their dependence on p is in terms of an upper bound for 
(If volg{M) — 00, then it is understood that everything involving B is nonpresent.) 

This theorem is proved by an induction scheme based on the Holder inequality. 
The principle that Sobolev inequalties of lower p lead to Sobolev inequahties of higher 
p is known. For example, it is well-known that the Sobolev inequality 

< C||Vti|L (1.5) 

for u e H^o'^(R"), 1 < p < n, can be derived from the case p = 1, see e.g. [GT]. 
However, the result in Theorem Al is new, and the proof is more involved. Combin- 
ing this theorem with the results in [Yl], [Y2] and [Y3] we then obtain W^'^ Sobolev 
inequalititcs along the Ricci flow for p > 2 in various sitautions. To keep this paper 
streamlined, we only state the results in the situation of [Yl]. The results in the 
situations of [Y2] and [Y3] are similar and obvious. 



2 



Theorem A2 Assume that Xo{go) > 0. Let 2 < p < n. Then there holds for each 
t e [0,T) and all u e W^'P{M) 



/ \u\^dvol) <A {imixR+ + l)vol{M)^ ' / {\Vu\p + \u\P)dvol, 

(1.6) 

where all geometric quantities are associated with g{t), except the constant A, which 
can be bounded from above in terms of the dimension n, a nonpositive lower bound 
for Rg^, a positive lower bound for volgQ{M), an upper bound for Cs{M,go), a pos- 
itive lower bound for Xo{go), and an upper bound for The quantity (maxi?+ + 

l)vol{M)n is at time t and the number m{p) is defined in the proof of this theorem 
below. 

Theorem A3 Assume T < oo. Let 2 < p < n. Then there holds for each t e [0, T) 
and all u e W^'^{M) 



^ ^ rn(p)p » 

2 9/ 

<A l + {mei^R+ + l)vol{M)n / {\Vu\p + \u\P)dvol, 

^ Jm 

(1.7) 



where all geometric quantities are associated with g{t), except the constant A, which 
can be bounded from above in terms of the dimension n, a nonpositive lower hound 
for RgQ, a positive lower bound for vol g^^M) , an upper bound for Cs{M, g^) , an upper 
bound for T, and an upper bound for The quantity (maxi?+ + l)vol{M)^ is at 
time t and the number m{p) is the same as in Theorem A2. 

Theorem A4 Let n = 3 and g = g{t) be a Ricci flow with surgeries as constructed in 
[P2] on its maximal time interval [0,Tmaa;); with suitably chosen surgery parameters. 
Let go = g{0). Let m(t) denote the number of surgeries which are performed up to 
the time t e (0, Tmax)- Let 2 < p < 3. Then there holds at each t e [0, Tmax) 

( [ lul'^dvol) ' <A{t)\l + {meixR+ + l)vol{M)^ ' [ {\Wu\p + \u\P)dvol 
\Jm / ^ Jm 

(1.8) 

for allu G VF''"'^(M), where A{t) is hounded from above in terms of a nonpositive lower 
hound for Rg^, a positive lower hound for volg^lM), an upper hound for Cs{M, go), an 
upper hound for t, and an upper hound for The quantity (maxi?+ + l)vol{M)n 
is at time t and the number m{p) is the same as in Theorem A2. 

If Xo{go) > 0; then A{t) can be bounded from above in terms of a nonpositive lower 
bound for Rg^, a positive lower bound for vol g^lM) , an upper bound for Cs{M, go), a 
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positive lower bound for Ao(fl'o), an upper bound for m{t) , and an upper bound for 

The remaining results for the Ricci flow in this paper extend to the Ricci flow 
with surgeries in the same fashion as this last theorem. We omit the statements of 
these extensions. 

Part B 

First we present a result on nonlocal Sobolev inequalities which is analogous to 
[Yl, Theorem C.5], but is formulated in terms the canonical (l,p)-Bessel norm for 
Sobolev functions. 

Definition Let {M, g) be a metrically complete Riemannian manifold, with or with- 
out boundary. Let 1 < p < oo. Let the Bessel-Sobolev space L'lfiM) be the com- 
pletion of C^{M) with respect to the norm ||(— A + (See Section 3 for the 
constrcution of the operator (—A -|- 1)2. ) We shall say that 5^ is a p-Bessel metric, 
and (M,g) is a, p-Bessel (Riemannian) manifold, if L^^(M) is equivalent to W^'^(M), 
i.e. 

ci||ii||i,p< ||(-A-M)^ii||p < C2||w||i,p (1.9) 

for all u e C^(M) and some positive constants ci and C2, where = VuHp 

is the W^'P norm of u. 

Assume that (M, g) is p-Bessel. We define the (l,p)-Bessel norm for / e VF^'^(M) 
to be ||/||B,i,p=||(-A + l)i/||,. 

The operators (—A -|- 1)" are called Bessel potentials, which is the reason for the 
above terminologies involving "Bessel". Note that every metrically complete {M,g) 
is 2-Bessel because of the identity 

< (-A + l)^u, (-A + 1)^M >2= / {\Vu\^ + u^)dvol (1.10) 

for u e C^{M) (and then also for u e W^'^{M)). By the arguments in [Yl, Appendix 
C] (see also [St]), {M,g) is p-Bessel for each 1 < p < 00 if M is compact. 

Theorem Bl Let {M,g) be a metrically complete manifold with or without boundary 
of dimension n>2. Let 1 < < 00. Assume the Sobolev inequality 

( / \u\^dvol] ^ <A \Vu\'^dvol + B / \u\^dvol (1.11) 

for all u e VF^'^(M). Let 1 < p < /j,. Then there holds 

\\{-A + l)-'^u\\jiR. < C{ii,A,B,p)\\u\\p (1.12) 

/J. p 
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for all u G ^{M), where the constant C{fi, A, B,p) can be bounded from above in 
terms of upper bounds for A, B, /i, and Consequently, there holds for a 

given 1 < p < fi 

||«|| «L < Cifi,A,B,p)\\u\\B,i,p (1.13) 

fi p 

for all u G W^''^{M), provided that {M,g) is p-Bessel. 

Combining this theorem with the results in [Y1],[Y2] and [Y3] we obtain nonlocal 
Sobolev inequalitities along the Ricci flow which are analogous to Theorem C.6 and 
Theorem C.7 in [Yl], but are formulated in terms of the canonical (l,p)-Bessel norm. 
Again we only state the results in the situation of [Yl]. As before, let g = g{t) be a 
smooth solution of the Ricci flow on M x [0, T) for a closed manifold M of dimension 
n > 3 and some < T < oo. 

Theorem B2 Assume that Xo{go) > 0. Let 1 < p < n. There is a positive constant 
C depending only on the dimension n, a positive lower bound for Xo{go), o positive 
lower bound for volg^^M), an upper bound for Cs{M,go), an upper bound for ^j^j, 
and an upper bound for such that for each t G [0, T) and all u G W^'P{M) there 
holds 

\\u\\^^<Cil + Ri,J\\u\\B,i,p. (1.14) 



Theorem B3 Assume T < oo and 1 < p < n. There is a positive constant C 
depending only on the dimension n, a nonpositive lower bound for Rg^, a positive 
lower bound for volg^XM), an upper bound for Cs{M, go) , an upper bound for T, an 
upper bound for and an upper bound for ^3^, such that for each t G [0, T) and 
all u G lyi'P(M) there holds 

\\u\\^^<C{l + R^,Sn\AB,i,p- (1.15) 



The inequality (11.121) in Theorem B-1 is a special case of the following more gen- 
eral result. 

Theorem B4 Let {M, g) be a metrically complete manifold, possibly with boundary. 
Let \1' G L°°{M) and ^ > 1. Assume that \1/ > and the Sobolev inequality 

(/ \u\l^dvol] <A I {\Vu\^ + ^u^)dvol (1.16) 
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for some A>0. Set H ^ -A + Let 1 < p < /i. Then there holds 

\\H-'^u\\^ <C{A,i^,p)\\u\\p (1.17) 

for all u e U'{M), where the positive constant C{iJ.,c,p) can be bounded from above 
in terms of upper bounds for A, fj,, and • Consequently, there holds for each 
1 < p < oo 

\\u\\^<C{A,^x,p)\\H^u\\p (1.18) 
for all u e W^'P{M), provided that {M,g) is compact. 
Part C 

Next we have the following consequence of Theorem B4. 

Theorem CI Let {M,g) be a compact Riemannian manifold of dimension n > 2, 
with or without boundary. Assume e L°°{M) and ji > 1. Assume ^ > and the 
Sobolev inequality 

( / \u\'^dvol\ <A (|Vm|^ + W)di;o/. (1.19) 

Let 1 < p < I . Then there holds 

\\u\\^ <C{ii,A,p)\\Au + 'ifu\\p (1.20) 

/J, — 2p 

for all u G W'^'^{M), where the constant C{ii,A,p) can be bounded from above in 

^— and ^-r. 

H-p p-l 



terms of upper bounds for /i, A, and ^ 



Combinging this theorem with the results in [Y1],[Y2] and [Y3] we then obtain 

VF^'P Sobolev inequalities along the Ricci flow. Again, we only state the results in the 
situation of [Yl]. Let g = g{t) be a smooth solution of the Ricci flow on M x [0, T) 
for a closed manifold of dimension n > 3 and some < T < oo, with a given initial 
metric ^'o- 

Theorem C2 Assume that Rg^ > and \o{go) > (thus Rg^^ is somewhere positive). 
Let 1 < p < ^ . There is a positive constant C depending only on the dimension n, a 
positive lower bound for Xoi^go), a positive lower bound for volg^^M), an upper bound 
for Cs{M,go), an upper bound for and an upper bound for ^^33^, such that for 
each t & [0, T) there holds 

\\u\\^^<C\\Au-ju\\p (1.21) 
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for allue W^'P{M). 



Theorem C3 Assume T < oo and 1 < p < n. There is a positive constant C 
depending only on the dimension n, a nonpositive lower bound for Rg^, a positive 
lower bound for volgg{M), an upper bound for Cs{M,go), an upper bound for T, an 
upper bound for and an upper bound for ^^32^, such that for each t G [0, T) there 
holds 

< c\\Au -{-- ^^^^^ + l)u\\, (1.22) 



for allue W^'P{M). 



Part D 



Now we address the issue of converting the nonlocal VF^'^ Sobolev inequalitites 
in Part B into conventional W^'^ Sobolev inequalities. Let H denote the operator 
— A + \E'. Obviously, the desired convertion requires an estimate of the following kind 

ll^^^^llp < C||m||i,p (1.23) 

for all u G ly^'^(M). Assume that M is compact. Since H is a pseudo-differential 
operator of order 1 [Se], the inequality (11.231) holds true for some C, as mentioned 
before for the special case = 1. But the constant C obtained this way depends on 
M and the metric g in rather complicated ways. Our purpose is to obtain a constant 
C which has clear and rudimentary geometric dependences. For this purpose, the 
general theory of pseudo-differential operators does not seem to give any information. 

The issue at hand can be understood in terms of the Riesz trasform of H, which 
is defined to be Rh = VH~2. An L'' inequality for the Riesz transform 

\\Rhu\\p < c\\u\\p (1.24) 

for all u G U'{M) means the same as 

\\Vu\\p< c\\Hiu\\p (1.25) 

for all u G W^M). On the other hand, by duality, the inequality (11.251) implies (11.231) 
for the dual exponent under suitable conditions on \E'. (In the special case \l/ = 0, it 
leads to ||i/2M||g < c|| Vti||g for the dual exponent q.) In general, the Riesz transform 
Rl of a nonnegative symmetric elliptic operator L (of second order) is defined in the 
same way as Rh- A fundamental problem in harmonic analysis and potential theory is 
to obtain W boundedness for Riesz tranforms Rl, or inequalities ||Vu||p < C||L2ii||p 
and ||L^m||p < C||u||i,p. From a geometric point of view, L^-boundedness alone is not 
enough. It is crucial to obtain geometric estimates for the constants. 
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Based on the LP estimates for Riesz transforms due to D. Bakry [B] we can convert 
the nonlocal W^''^ Sobolev inequalities in Theorem Bl to conventional W^'^ Sobolcv 
inequalities which depend on a lower bound for the Ricci curvature. The situation of 
Theorem B4 with a general ^ is more complicated, our corresponding result will be 
presented elsewhere. 

Theorem Dl Let {M,g) be a complete manifold (without boundary) of dimension 
n >2. Let 1 < < oo. Assume the Sobolev inequality 

I \u\^dvol] <A \Vufdvol + B \ufdvol. (1.26) 

\Jm J JM JM 

Assume Ric > —a^g with a > 0. Let 1 < p < fi. Then there holds 

\\u\\j^ < C{fi, A, B,p){\\Vu\\p + (1 + a)\\u\\p) (1.27) 

/J. p 

for all u e W^''^{M), where the constant C{ii, A, B,p) can be bounded from above in 
terms of upper bounds for A, B, /i, and 

We formulate the corresponding results for the Ricci flow in the situation of [Yl]. 
The results in the situations of [Y2] and [Y3] can be formulated in a similar way. 
Consider a smooth solution g — g{t) of the Ricci flow on M x [0,7), with initial 
metric g^^ where AL is a closed manifold of dimension n > 3. Let k — K{t) denote 
(— min{0, mini?ic})^/^ at time t. 

Theorem D2 Assume Ao(fi'o) > 0. Let 1 < p < n. There is a positive constant C 
depending only on the dimension n, a positive lower bound for Ao(fl'o), a positive lower 
bound for volgg{M), an upper bound for Cs{M,go), an upper bound for ^j^, and an 

upper bound for such that for each t e [0, T) and all u e VK^'^(M) there holds 
ll^ll < c(l + <„J^(||V«||, + (1 + K)\\u\\,). (1.28) 



Theorem D3 Assume T < oo and 1 < p < n. There is a positive constant C 
depending only on the dimension n, a nonpositive lower bound for Rg^, a positive 
lower bound for volg^^{M), an upper bound for Cs{M, go) , an upper bound for T, an 
upper bound for and an upper hound for such that for each t e [0, T) and 
all u e W^'P{M) there holds 

||«||_ZML <C'(l + <„J^(||Vt.||p + (l + «)|H|p). (1.29) 
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One should compare the above results and the results in Part E with Gallot's es- 
timates of the isopcrimctric constant [G1][G2] which imply estimates for the Sobolev 
inequalities. In contrast to Gallot's estimates, no upper bound for the diameter nor 
positive lower bound for the volume of g{t) is assumed. 



Part E 



Based on the estimates of Ricsz transforms due to X. D. Li [L] we obtain a 
variant of the results in Part F in the case 1 < p < 2. The nonpositive lower bound 
for the Ricci curvature is replaced by the L^'^^ bound for the (adjusted) negative 
part of the Ricci curvature, where e > 0. For a Riemannian manifold (M, g) we set 
RiCmini^) — min{i?ic(t;, v) : v e T^M, \v\ — 1}. 

Theorem El Let {M,g) be a complete manifold (without boundary) of dimension 
n >3. Assume the Sobolev inequality 

( ra-2 
/ \u\^^dvol] " <A \Vu\'^dvol + B / \u\'^dvol. (1.30) 
Jm J JM Jm 

Let c > and e > 0. Assume {RiCmin + c)~ £ -L5+^(M). Let 1 < p <2. Then there 
holds 

||^z||^<C(||V«||, + (l + 7)||^^y (1.31) 
for all u e W^^P{M), where 

7 = (^JjiRiCmin + c)-]t+^d^;o/^ , (1.32) 

and the constant C can be bounded from above in terms of upper bounds for n, A, B, 
c and -. and 

Theorem E2 Assume Ao(5'o) > 0. Let e > and 1 < p < 2. There is a positive 
constant C depending only on the dimension n, a positive lower bound for Xo{go), 
positive lower bound for vol g^^{M), an upper bound for Cs{M, go) , an upper bound for 
and an upper bound for ^, such that for each t e [0, T) and all u e W^''p{M) 
there holds 

||«||_^ < C(l + /?LJ^(||V«||p + (1 + 7)||«||p), (1.33) 

where 

7 = 7(^) = f / [{RiCmin - - mini?;J-]i+^cZ^;oA . (1.34) 

\JM IT' J 
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Theorem E3 Assume T < oo. Let e > and 1 < p < 2. There is a positive constant 
C depending only on the dimension n, a nonpositive lower bound for Rg^, a positive 
lower hound for volgQ{M), an upper hound for Cs{M,gQ), an upper hound for T, an 
upper hound for and an upper hound for ^, such that for each t e [0, T) and all 
u e W^'P{M) there holds 

||«||^ <C(l + i?+„J^(||V«||p+(l + 7)||«y, (1.35) 
where 7 = ^{t) is the same quantity as in Theorem E2. 



2 From W^'^ for lower p to Vl^^'^ for higher p 

Theorem 2.1 Consider a Riemannian manifold (M, g) of dimension n >2, with or 
without boundary. Let I < Po < n. Assume that the Sobolev inequality 



-PO 

~ B 



u\^-podvol] <A \Vu\P°dvol + J \u\P°dvol (2.1) 

holds true for all u e VF^'^°(M) with some A > and B > 0. Then we have 

(f pn \ " P-P(l P P f 2 ^0 BpO f 
/ \u\^dvol] < 2 PO Apo{rP'' + B)n / \Vu\p + ^ 
Jm ) Jm volg{M)n 

(2.2) 

for each pq < p < -, — ^^^^ and all u £ W^'^(M), where r„ = and the 

notation of the volume is omitted. 

Proof. By scaling invariance we can assume volg{M) — 1. Consider u e C^{M) and 
set V — \u\^ for r > 1. Then we have 



npQ r \ n 



-PQ 



<ArP° \u\P°^'^-^^\Vu\P° + B 



\U\ "~Po 

M / JM JM 



For a given po < p < n we choose r — rp and hence rp — 1 — ■ Then we infer 



(2.3) 

po(n-p) ' 
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by Holder's inequality 



(/" , . "P \ " f , . n(p-Po) , /" , p("-Po) 

/ < ArP° / "-f |Vw|^° + S / 

/ Jm Jm 

( P-PQ ^ PO 

[ \u\^] " ■( [ I'^uA ' + B I 
Jm J \Jm J J h 



(2.4) 



Now we assume po < p < Then siol < gj^^e volJM) = 1 

■'^ — (n—po)+npo n—p — Po) ' 

we have by Holder's inequality 



p("-po)^ 



/" p("-Po) / /" "PO \ 'ipo("-p) 

/ |m| < I / l^h'^o I (2.5) 

JM \Jm J 



and 

PoC^-p) 



"PQ / f np \ (n-Po)P 

|u|"-po < / |m|"-p J . (2.6) 



We deduce 



M \JM 



(n-po) p-pQ \ ^ 



M / 



p("-Po)^ ("-pn)(p-pn) 



, , "PO \ "Po("-p) Po("-p) 

+B / \u\"-n , (2.7) 



M / 

which leads to 

( P0("-P) . m . . "-PQ 

I \VuA " +AB [ iVur + S' / w 
Jm J Jm Jm 



< A(rP° + B) / \Vu\P] +B- 

'm J \JM 



Po / „ ^ Pa 

p 



It follows that 

n — p 

/ < 2^ATO(r^o + E)TO / |Vm|^ + 2^5to / m^. (2.8) 
Jm J Jm Jm 

By approximation, this holds for all u e VF^'^(M). ■ 
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Remark We can also consider the following assumption 

I \u\^dvol] " <A I \Vu\P°dvol+ f f\u\P'>dvol (2.9) 
Jm J Jm Jm 

for a function /. It is easy to adapt the above proof to obtain Sobolev inequalitities 
for higher p in terms of an L'^ bound of / for a suitable q. This can be applied to 
the Ricci flow to yield Sobolev inequalitites in terms of an L'^ bound of the scalar 
curvature. 



Lemma 2.2 Let I < po < n. We set pk+i = (^^-pjAnp^ -^^^ ^ > 0. Then I < Pk < n 
for all k. Moreover, the sequence pk is increasing and converges to n. 

Proof. The inequality pk+i < n is equivalent to {n — pkY > 0, while the inequality 
Pfe > 1 is equivalent to (n^ + n)pk + p\ > n^. Hence 1 < Pk < n follows from the 
induction. Since pk < n, we have (n — pkY + npk < n^, and hence Pk+i > Pk- Let p^ 
denote the limit of Pk- Then = 7 — • It follows that = n. ■ 

Proof of Theorem Al Applying Theorem 12. II repeatedly, starting with pq = 2. By 
induction and Lemma 12.21 we then arrive at the desired Sobolev inequalities. ■ 



Proof of Theorem A2 We first observe the following property of the inequality 
(11. 4p : if yl = aAi and B = aBi for some a > 1 , then we have 



and 



C^{n,po,p,A,B) <a n C,in,po,p, A^, B^) (2.10) 



C2{n,po,p,A,B) <a PO Ciin,po,p, A^, Bi), (2.11) 



where m{p) = 2^+^ for p G {pk,Pk+i] (see Lemma [2.21 for pk). This follows from the 
formula (12.21) . By [Theorem D, Yl], the Sobolev inequality (11.11) holds true, where A 
has the dependence as stated in Theorem A2, without reference to p. We then have 

( / lul^dvol] " < A(l + max R+vol(M)h / (iVwp + ^)civo/. (2.12) 

\Jm J ~ Jm vol{M)^' 

Applying Theorem Al and the above observation we then arrive at the desired Sobolev 
inequalities. ■ 

Theorem A3 and Theorem A4 can be proved in the same way. 
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3 Nonlocal Sobolev inequalities in terms of the 
(l,p)-Bessel norm 

First we extend the general results in [Yl] on the heat semigroup and the nonlo- 
cal Sobolev inequalitities to general metrically complete manifolds with or without 
boundary. Consider a Riemannian manifold (M, g) of dimension n > 2, and a function 
* e L°°(M). We set as in [Yl] = -A + * and Q(u) = /^(|VmP + '^u'^)dvol. 

Theorem 3.1 Let {M,g) be metrically complete manifold possibly with boundary. 
Let < a* < oo. Assume that for each < a < a* the logarithmic Sobolev inequality 



I 

J M 



In u^dvol < aQ{u) + P{a) (3.1) 

holds true for allu e VF^'^(M) with ||m||2 = 1, where 13 is a non-increasing continuous 
function. Assume that 

r(0 = ^£/3(^)rf^ (3.2) 
is finite for all < t < a* . Then there holds 

||e-*^ii||oo<e^(*)-^^'^^*"|kll2 (3.3) 
for each <t < ja* and all u e L'^{M). There also holds 

for each <t < \a* and all u G L^(M). 

Theorem 3.2 Let {M,g) be a metrically complete manifold, possibly with boundary. 
1) Let /Lt > 1. Assume that ^ > and for some c > the inequality 

||e~*^^i||oo < cr4||^x||2 (3.5) 

holds true for each t > and all u e L'^{M). Let 1 < p < ^. Then there holds 

\\H~2u\\jii^ < C{c, iJ,,p)\\u\\p (3.6) 

fj, p 

for all u G L^{M), where the positive constant C{ii,c,p) can be bounded from above 
in terms of upper bounds for c, n, and Consequently, there holds 

\\u\\^ < C{c, 2,p) (^J (|Vm|2 + 'i/u'^)dvol^ ' (3.7) 
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for all u e VF^'^(M). Moreover, there holds for a given 1 < p < oo 

\\u\\^<C{c,ii,p)\\h'^u\\p (3.8) 

for all u e VF^'^(M), provided that {M, g) is p-Bessel. 
2) Let /X > 1. Assume that for some c > the inequality 

||e"*^M||oo < cr 4 ||m||2 (3.9) 

holds true for each < t < 1 and all u G L'^{M). Set Hq ^ H — inf ^~ + 1. Let 
1 < p < 11. Then there holds 

\\HPu\\j^ <C{fi,c,p)\\u\\p (3.10) 

for all u G L^i^M), where the positive constant C{fj,, c,p) has the same property as the 
C{iJ,,c,p) above. Consequently, there holds 

\\u\\^<C{iJ,2,p) (^J (|Vm|2 + (* -inf + l)u2)(ii;o/y (3.11) 

for all u e ly^'^(M). Moreover, there holds for a given 1 < p < oo 

\\u\\^<C{^Ji,c,p)\\H^u\\p (3.12) 
for all u e W^^P{M), provided that {M,g) is p-Bessel. 

To establish these two results, we need the following two ingredients: the con- 
struction of the heat semigroup e~*^ and the L^ contraction properties of e~*^ for all 
1 < p < oo. In [Yl], since the manifold is assumed to be closed, the heat semigroup 
is constructed by using the spectral representation in terms of the cigcnfunctions. 
This works equally well on a compact manifold with boundary, where the eigenfunc- 
tions satisfy the Neumann boundary condition. For a general metrically complete 
manifold, we follow the construction in [St] based on the general theory of spectral 
representation of self-adjoint operators. The case of H = —A on a complete manifold 
without boundary is treated in [St], but the arguments extend quite easily to general 
metrically complete manifolds and H = —A + \1' with \I' G L°°(M) and \1' > 0. 

Consider * e L°°{M) with * > 0. The initial domain for H = -A + * is the 
space = C^nW = {u & C^iM) : |h = O}, where u denotes the inward unit 
normal of dM, which is dense in L'^M. Let Hmm denote the L^ closure of H, whose 
domain D{Hmin) consists of all u G L'^{M) such that there is a sequence Ui G fin 
such that «i — >■ w in L'^[M) and Hui converges in L'^[M) to some function, which we 
can write Hu. Let Hmax be the adjoint of i?mm in L'^{M), and D{Hmax) C L'^{M) 
its domain. We have the following extension of [St, Lemma 2.3]. 



14 



Lemma 3.3 Let {M,g) be metrically complete. Assume that u e D{Hmax) satisfies 
Hu — \u for some A < 0. Then u = 0. 

Proof. By basic elliptic regularity we have u e W^^^{M) for all p > and ^ — 0. 
( By the Sobolev embedding wc have u e C^{M). ) Fix xq E M and let (p{x) — 
(pri,r2{^) = '0((^2 ~ i^i)^^id(xo, x) + r2 — 2ri)) for a smooth function ip{t) which is 1 
for t < 1 and for t >2. Then |V(/?| < c(r2 — ri)~^ for a constant c. 
Now we have 

A < (f'^U, u >2 = < '^'^u, Hu >2= — < '^'^u, Au >2 + < '^'^u, > 

> - < (^\,Aw >2= ||(^^Vm||2 + 2 < uV0,0Vu >2 . (3.13) 

It follows that 

||(^^Vm||2 < a < if'^u, u>2+2 < uVcj), (fNu >2 (3.14) 
By Schwarz inequality we then deduce 

W^'^VuWl < 2A < ^Vfi >2 _^ ^2 ll^ll2- (3-15) 

Letting first r2 — > oo and then ri — > oo we arrive at 

\\Vu\\l < 2X\\u\\l. (3.16) 
Since A < 0, we conclude u = 0. ■ 



By this lemma and [St, Lemma 2.1] we infer that Hmax — Hmin, which is the 
self-adjoint extension of H. Now we can apply the spectral theorem for self-adjoint 
operators to obtain the heat semigroup e~^^ and other potentials of H such as H~2 
and if 2. 

In [Yl], the contraction property of e~*^ is derived in terms of the con- 
traction property and the L°° contraction property, with the latter implied by the 
maximum principle. This argument can be extended to compact manifolds with 
boundary. But the maximum principle may not hold on noncompact manifolds. In- 
stead, we follow the arguments in [St] for obtaining the contraction property. By 
the arguments in Section 3 of [St], in order to show that e~*^ is a contraction on 
U'(M)r\L'^{M) for each 1 < p < oo, it suffices to establish the following two lemmas. 

Lemma 3.4 For each 1 < p < oo the operator H with domain VLh is dissipative, 
i.e. for each nonzero u e VIh, there is a function v & L'^ with q = such that 
\\v\\q — \\u\\p, < u,v >2— \\u\\p and < Hu, v >2< 0. 

Lemma 3.5 Let 1 < p < q < oo. Assume thatu G U'(M)nL'^(M) satisfies Hu = Xu 
for some X < ( this contains the assumption that u lies in the domain of the closure 
ofH in Lv{M) and that in Li{M).) Then u = 0. 
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Since ^ > 0, the proof of Lemma 3.1 and the proof of Lemma 3.4 carry over. The 
treatment of ^ here is similar to to the above proof of Lemma 13.31 

Having estabhshed the desired construction of e~*^ and the W contraction prop- 
erties we make two more remarks. First, the construction of the heat semigroup 
e~*^ for a general \E' G L°°{M) follows via the formula e~*^ = e~*™^"^ e~*^^, where 
Hi = — A+\E'— inf \E'~. Second, in [Yl] the space L°°{M) is used in the formulations of 
the Marcinkiewicz interpolation theorem and the Riesz-Thorin interpolation theorem. 
In the case of a general Riemannian manifold we replace L°°{M) by L°°{M) nL^(M). 

Proof of Theorem Sm Consider uq G L'^{M). We claim that e'^^uo G W^''^{M) 
for t > 0. Indeed we have for u = e~*^Uo 

|^.„,|^0. (3.1T, 

Then we have 



di 



(p^u=2 / (p^uHu = -2 / (^^\Vu\-2 / ipuVu-V^-2 / 

M J M J M J M J M 



(3.18) 



where (/p = V'r2,ri is the function in the proof of Lemma [3.31 It follows that 

j ^^u'<~ [ ^^\Vu\^+ [ u'lVifl'- [ ^</pV, (3.19) 
Jm J m J m Jm 



dt 

and then 



ypV+ / / ^^\Vu\^< I v^V|t=o+ f I (3.20) 
M Jo Jm Jm Jo Jm 

Letting r2 ^ oo and then ri ^ oo we arrive at 

ft 

.2 I / / |V7„.|2 ^ / „.2| / / ,Tr„.2 



U'+ / |V^|^< / U%=o- / / ^u'. (3.21) 

M Jo Jm Jm Jo Jm 

It follows that |Vw(-,t)p < oo for a.e. t > 0. By continuity, f^^ |VM(-,t)p < oo 
for all t > 0. Hence e'^^Uo G W^''^{M) for all t > 0. 

Now we can carry over the proof of Theorem 5.3 in [Yl]. Some modification is 
necessary because M is possibly noncompact. Let ip = v?r-i,r2 be the function in the 
proof of Lemma [331 In place of [Yl, (B.13)] we have now for = e~^^UQ for a given 

Mo e W^'^{M)nL°^{M) 

|i„(e-<..|i,..iu,,)^|(-A^w.J^i„ii,„.iij!:!) 



16 



Tip ,1 / P f \ 

a p^a ^ P \ (tJm J 

(3.22) 

It follows that 

^\\ipus\\p^ (^J (fu^^lnus - aQ{(pUs,ul'^) - V\\(pus\\l - ll'/^^sUp In H^JW^Hp^ ds 

(3.23) 

for ^2 > ^1 > 0. Letting first r2 — > oo and then ri ^ oo we then arrive at (I3.23P 
without the presence of 0. ■ 

Proof of Theorem 13.21 Given the U' contraction property estabhshed above, the 
proof of Theorem C.5 in [Yl] carries over straightforwardly. The Sobolev inequahty 
(13. 7p follows because of the identity < H^u^H^u >2= /^^(|VmP + '^v?)dvol for all 
u E C^{M) (then also for u G W^'^{M)). The Sobolev inequality (l3TT]) follows in 
the same fashsion. ■ 

Proof of Theorem B4 Assume jj^^v^ = 1- As in the proof of Theorem 3.1 in [Yl] 
we have 

In I |M|^=ln I u^\u\'^ > I u^\n.\u\'^. (3.24) 

It follows that 



M JM JM 



11—2 



u inu < —ml/ \u\ ''-2 

M 2 \Jm 



< ^InA + ^ln / (|Vm|2 + ^m2). (3.25) 
By [Yl, Lemma 3.2] we then deduce each a > 

/ u^lnu^<^a[ {\Vu\^ + ^u^)-^\na+^\nA-l, (3.26) 
Jm 2 2 2 

which leads to 

[ uHnu^<a [ (|Vm|2 + W)-^lna + ^ln^ + ^lnyl-l. (3.27) 
Jm Jm 2 2 2 2 
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By Theorem 13.11 we deduce for H = — A + 1 

||e"*^M||oo < r^e^+^||M||2 (3.28) 

for all if: > 0, where Aq = ^ In ^ + ^ Inyl — 1. Applying Theorem 13.21 we then arrive at 

the desired inequality fll.l7p . ■ 

Proof of Theorem Bl The Sobolev inequality (11.111) leads to 

( / \u\'^'dvol\ " <max{y4,S} / {\Vu\\^ + u^)dvol. (3.29) 
\Jm J Jm 

Hence we can apply Theorem B4. ■ 

Lemma 3.6 Let g = X^g for some A > 1. Let /i > 1 and 1 < p < fi. Assume the 
inequality 

\\u\\jiE. < C\\u\\b,i,p (3.30) 
for all u G W^''''{M) with respect to g. Then there holds 

\\u\\jiP_ < \C\\u\\bxp (3.31) 
for all u G W^'^{M) with respect to g. 

Proof. We compute the scaling change of (—A + 1)^. We have Ag = A^^A. Hence 

- Ag + 1 = -A-^A + l = A-2(-A + A2). (3.32) 
By [B, Lemma 4.2], we have for u G Lp{M) and a > 

ci{a\\u\\p + \\{-A)^u\\p) < ||(-A + a^)^u\\p < C2{a\\u\\p + \\{-A)hi\\p), (3.33) 
where ci and C2 are universal constants. It follows that 

\\{-A + X^)-2u\\p < C2{X\\u\\p+\\{-A)^u\\p) 

< C2\i\\u\\p+\\{-A)^2u\\p) 

< ciC2A||(-A + l)^M||p. (3.34) 

Hence 

||(-Ag + if^uWp < CiC2||(-A + l)5ti||p. (3.35) 



Now we have 



IImII n = llwll^iP-A p (3.36) 

n-~p n — p 

and 

Wi-A-g + l)"^u\\p-g = \\{-A-g + 1 ) ^ | | p A ^ . (3.37) 

We arrive at 

< AC||(-A + l)^u||p. (3.38) 



Proof of Theorem B2 By [Yl, Theorem D], the Sobolev inequahty fll.ip holds true, 
where A has the same property as the C in the theorem without the reference to p. 
Set A = A(t) = (1 + RmaxY^'^ time t. Then the Sobolev inequality (11.10 still holds 
true for g = X^g. Since R^^x — 1 9^ deduce 

n-2 

u\^dvol] " <A {iVul"^ + u^)dvol. (3.39) 

M J J M 

Applying Theorem Bl and Lemma [3^ we then arrive at the desired inequality ( ll.2ip . 



Proof of Theorem B3 By [Yl, Theorem D*], the Sobolev inequality (11. 2p holds 
true, where A and B have the same property as the C in the theorem, without the 
reference to p. Let A and g be the same as above. Then we have for g 



2n 



\u\^^^^dvol] < A I i\Vu\'^ + ^u'^)dvol + ^ I u^dvol 



< 






J M 


< 






J M 


< 





^ + —u^)dvol + / u^c 

A f 

\Vu\'^dvol+ {— + B) I u^dvol 
4 Jm 

< (A + B) [ {\Vu\^ + u^)dvoL (3.40) 
Applying Theorem Bl and Lemma [3.61 we arrive at the desired inequality (11.221) . I 



4 W'^'P Sobolev inequalities 

Proof of Theorem CI Let u E W^'PiM) for 1 < p < f . Since (-A + ^)i is a 
pseudo-differential operator of order 1 [Se] on a compact manifold, it is a bounded 
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map from W^'P{M) into W^'P{M). Hence v = (-A + e W^'P{M). Applying 

Theorem B4 to v we infer 

||t;||^ < C(/., A,p)\\{-A + ^af^vW, = Cii,,A,p)\\i-A + ^f)u\\„ (4.1) 



I.e. 



||(-A + < C{fi, A,p)\\{-A + (4.2) 

For each 1 < g < oo, (-A + '^)^ is a bounded operator from VF^'«(M) into L^(M) 
with the bounded inverse (—A + \I/)~2. Hence we deduce u E W ''i^(M). Applying 
Theoem E4 to u with the exponent -jj^ instead of p we then infer 

< Cifi,A,J^)C{i,,A,p)\\i-A + ^)u\\,. (4.3) 
jj, p 

(Note that 1 < ^ < because 1 < p < f .) ■ 

Theorem C2 and Theorem C3 follow from Theorem CI, and [Yl, Theorem D] and 
[Yl, Theorem D*] respectively. 

5 Estimates of the Riesz transform and W^'^ Sobolev 
inequalities 

The following theorem is a consequence of D. Bakry's result on U' estimates for the 
Riesz transform [B]. 

Theorem 5.1 Let {M,g) be a complete Riemannian manifold (without boundary) of 
dimension n>2 such that the Ricci curvature is hounded from below by —a^ for some 
< a < oo. Then there holds for each 1 < p < oo 

||(-A + l)-2u\\, < C{p)i\\Vu\\, + (1 + a)\\u\\,) (5.1) 

for all u e VF^'^(M), where the constant C{p) depends only on p. 

Proof. In [B] the operator —A + • V for a given function (f) is handled. It is easy 
to see that all the arguments in [B] go through for the operator —A + 1. Hence [B, 
Theorem 4.1] extends to yield for 1 < g < oo 

||V^;||, < C,(||(-A + l)'^v% + a||^;||,) (5.2) 
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for all u G C^{M), where Cq depends only on q. On the other hand, we have 
||e*(^~^)i;||y < e~*||t;||y for 1 < g < oo and all v e Ui^M) n L'^{M). Applying the 
formula (-A + 1)"^ = r(|)-i rie*(^-^)rft we infer \\{-A + l)-h\\g < \\v\\g and 
hence 

||^;||,< ||(-A + 1)^^11, (5.3) 

for all V e L«(M) n L'^{M). 

Since (-A + 1)^C^{M)) is dense in Li{M) (see [CD][R]), we have for u G 
C^iM), 1< p < oo and g = ^ 

||(-A + = sup{< (-A + 1)^M, (-A + l)^i;>2: 

^;GCr(M),||(-A + l)5^;||^<l}. (5.4) 

But 

< (-A + 1)5m, (-A + l)^v >2 = < (-A + 1)m, v >2= / Vu-Vv+ I uv 

J M J M 

< \\yu\\p\\Vv\\q^\\u\\p\\v\\q 

< {\\Vu\\p+\\u\l){\\Vv\\q+\\v\\q). (5.5) 

By (El and ([52D we then deduce || Vi;||g + < (1 + (a + l)C(g)) || (-A + l)^t;||g. 
By (15.41) and (15.51) we then arrive at 

||(-A + lY^uWp < Cip, a)(||Vn||p + \\u\\p), (5.6) 

where C{p, a) = 1 + {a + 1)C_e_. By (15. 2[ (15. 3p (applied to p) and (15. 6p we conclude 
that {M,g) is (l,p)-Bessel and that holds true for all u G W^'P{M). 

To derive the inequality (I5.13p . we consider the metric g = X^g, where A = 1 + a. 
Since the Ricci curvature of g is bounded from below by —jj^:^ > —1, we have by 



(El 

||(-Ag + iy^U\\p-g < C{P, l){\\V-qU\\p-g + \\u\\p-g) (5.7) 

for 1 < p < oo and all u G L^{M). But Ag = A^^A. Hence we obtain 

||(-A + \Y'u\\j,-g < XCip, l)i\\V-gU\\p-g + \\u\\p-g). (5.8) 

Transforming to g we obtain 

||(-A + X^)-2u\\p < Cip, mVu\\p + X\\u\\p). (5.9) 
By (13331) there holds 

\\{-A + X^)^u\\p > ci(A||n||p+ ||(-A)3m||p) > ci(||m||p+ II(-A)^mIIp) 

> ciC2i(-A + l)^M||p. (5.10) 
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It follows that 

||(-A + l)"^u\l < c^'c^Cip, l)i\\Vu\\p + A||n||p) (5.11) 
which gives rise to (15.131) . ■ 

The next result is a consequence of the L'^ estimates for the Riesz transform due 
to X. D. Li [L]. 



Theorem 5.2 Let {M,g) be a complete Riemannian manifold (without boundary) of 
dimension n >2. Assume that there is a constant c\ such that 



.t(A-l) 



ii||oo < c\t 2 \u\x (5-12) 



for all u E L}{M) and < t < 1. Assume that {RiCmin + C2) G L2+'^(M) for some 
C2 > and e > 0. Then there holds for each 1 < p < 2 

||(-A + l)-^u\\p < C{\\Vu\\^ + (1 + 7)||m||p) (5.13) 

for all u e W^'P{M), where 

7 = (^jj{Ric^,n + C2)-f^^'dvol^ , (5.14) 
and the constant C can be bounded above in terms of upper bounds for n, Ci, C2, ^ and 

Proof. This follows from the proof of Theorem 2.2 in [L] and the arguments in the 
above proof of Theorem 15.11 ■ 

Proof of Theorems Dl, D2 and D3 Combine Theorem 15.11 with Theorems Bl, 
B2 and B3. ■ 

Proof of Theorems El, E2 and E3 Combine Theorem 15.21 with Theorems Bl, B2 
and B3, and also apply Theorem 3.1 and the arguments in the proof of Theorem B4. 
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